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DEGRFES OF FREEDOM WITH ARBITRARY W I N D  

By Robert L. James, Jr. 

SUMMARY 

Equations a re  presented f o r  a three-dimensional t r a j ec to ry  simula- 
t ion.  
the p i tch  plane i s  assumed t o  be a plane of mass symmetry. The s i x  
degrees of freedom of the missile are considered and the posit ion of 
the missile i s  defined re la t ive  t o  a f la t  nonrotating ear th  with constant 
acceleration of gravity. The e f fec t  of a rb i t r a ry  wind velocity and 
azimuth i s  included i n  the equations and the aerodynamic coeff ic ients  
a re  nonlinear with respect t o  Mach number and flow incidence angle. 

A r ig id  airframe with aerodynamic symmetry i n  r o l l  i s  t rea ted  and 

A derivation of j e t  damping i n  pitch and y a w  fo r  r ad ia l  burning 
solid-propellant rockets i s  presented as a n  appendix. 

INTRODUCTION 

The use of unguided booster systems i n  high-alt i tude research, 
reentry studies,  and suborbital  t e s t s  has been practiced considerably 
i n  the  past  few years and is continuing a t  a rapid ra te .  The purpose 
of t h i s  report  i s  t o  present a t ra jectory simulation that can be used 
t o  study the various problems t h a t  occur i n  the design of unguided 
boosters. The t ra jec tory  i s  solved in  three dimensions with the m i s -  
s i l e ’ s  s ix  degrees of freedom and the e f f ec t  of varying wind veloci ty  
and azimuth. 

The unguided vehicle i s  very a t t rac t ive  since it i s  usually l e s s  
complex, and therefore more rel iable ,  and a l so  i s  l e s s  expensive than 
one with guidance. There are disadvantages, however; performance i s  
usual ly  sacr i f iced by launching a t  a lower elevation angle and the dis- 
persion problems become severe when there i s  no guidance. 

The loss i n  performance due t o  launching a t  a lower elevation angie 
can be compensated for  somewhat by increasing the booster impulses and 
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by spinning the various s tages  t o  keep the t h r u s t  vector a t  a higher 
angle than the  f l i g h t  path during and a f t e r  e x i t  from the atmosphere. 

The main contributors t o  dispersion are manufacturing o r  assembly 
misalinements and the wind. 
create  th rus t  misalinements and aerodynamic asymmetries but  the disper- 
s ion caused by these e f f ec t s  can be grea t ly  reduced by using a properly 
designed spin program. Wind dispersion can be made l e s s  s ign i f i can t  by 
use of a wind-compensation procedure which gives the launch azimuth 
and elevation angles necessary t o  achieve the  desired t ra jec tory .  

Manufacturing and assembly tolerances 

The trajectory-simulation equations presented i n  t h i s  report  were 

The r e s u l t s  of the simulation have been used 
programed f o r  the IFM 704 e lec t ronic  data processing machine a t  the 
Langley Research Center. 
i n  the design and ana lys i s  of several  NASA booster vehicles,  such as 
L i t t l e  Joe, Scout-SX-1, and Shotput (a two-stage solid-propellant rocket 
vehicle used t o  t e s t  the i n f l a t i o n  techniques f o r  the  100-foot-diameter 
balloon s a t e l l i t e ) .  A wind-compensation procedure w a s  developed w i t h  
the  a i d  of  t h i s  t r a j ec to ry  simulation and i s  described i n  reference 1. 
The application of the  technique t o  the Shotput and Scout-SX-1 vehicles 
i s  a l s o  included i n  th i s  reference. 
compensation analysis  to  the L i t t l e  Joe vehicle i s  discussed i n  
reference 2. 

The appl icat ion of another wind- 

Assumptions and Limitations 

Airframe assumed t o  be r ig id  body.- Aeroelastic e f f e c t s  a r e  not 
This assumption eliminates the  considera- included i n  the equations. 

t i o n  of forces  ac t ing  between individual elements of mass, and it allows 
the  airframe motion t o  be described completely by a t r ans l a t ion  of the  
center  of gravi ty  and by a ro ta t ion  about t h i s  point.  

Airframe assumed t o  have plane of symmetry coinciding with v e r t i c a l  
lane of reference.- The v e r t i c a l  plane of reference i s  the plane 

ie f ined  by the  missi le  X- and Z-axes as shown i n  f igure  1. (A complete 
symbol list is  presented as appendix A. ) The Y-axis, perpendicular t o  
t h i s  plane of symmetry, i s  therefore  a pr inc ipa l  a x i s  and the products 
of i ne r t i a  Ixy and In vanish. Thus, i f  mass asymmetries a r e  t o  
be simulated, the XZ-plane i s  chosen so that th i s  i s  the  case. 

DEWXLOPMENT OF TRAJECTORY-SIMULATION EQUATIONS 

Vehicle assumed t o  have aerodynamic symmetry i n  r o l l . -  The aero- 
dynamic forces  and moments a r e  assumed invariant  with the roll posi t ion 
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of the missile r e l a t i v e  t o  the free-stream veloci ty  vector. 
t i o n  grea t ly  s implif ies  the equations of motion by eliminating the aero- 
dynamic cross-coupling terms between the r o l l  motion and the p i tch  and 
y a w  motions. Also, a different  s e t  of aerodynamic character is t ics  f o r  
the p i tch  and yaw planes i s  not required. 

This assump- 

F l a t  nonrotating ear th  assumed with constant acceleration of 
gravity.-  A f l a t  nonrotatizg ear th  i s  su f f i c i en t  because the main purpose 
of t h i s  analysis i s  t o  simulate the effects  of wind and other f ac to r s  
which occur e a r l y  i n  f l i g h t  where the a l t i t u d e  and range changes are 
r e l a t i v e l y  smaii. “ne acce le ra t im  G? gravity i s  assumed t o  be constant 
but i s  not necessarily the sea-level value so that simulation of portions 
of the t ra jec tory  a t  high a l t i t u d e  i s  possible. 

A i r f r a m e  assumed t o  have s ix  degrees of freedom.- The s i x  degrees 
of freedom of the airframe consist  of three t ranslat ions and three rota- 
t i ons  along and about the missile X-, Y-, and Z-axes. These motions a r e  
shown i n  figure 2, t he  t ranslat ions being u, v, and w and the rota- 
t i ons  being p, q, and r. 

Aerodynamic forces and moments assumed t o  be functions of k c h  num- 
ber and nonlinear with flow incidence angle.- The introduction of surface 
winds i n  a t ra jec tory  during h u n c h  can create  flow incidence angles that 
are very large, i n  some cases l a rge r  than 90°. Nonlinear aerodynamic char- 
a c t e r i s t i c s  with respect t o  flow incidence angle must be assumed t o  simu- 
la te  the Launch motion under the effect  of wind. Since Mach number 
var ies  considerably i n  a missile trajectory,  it i s  necessary t o  assume 
that the  aerodynamic character is t ics  vary with Mach number. 

Axis Systems and Nomenclature 

Two orthogonal coordinate systems are used t o  define the missi le’s  
posi t ion and angular orientation i n  space. (See f ig .  1. ) The ax i s  
system which i s  denoted by XE, YE, and ZE i s  fixed with respect t o  
the earth.  This i s  a right-hand coordinate system with the %-axis 
v e r t i c a l  and pointed downward i n  the direct ion of gravity. The %- 
and YE-axes l i e  i n  the horizontal  plane. 
center of gravi ty  a t  any t i m e  i s  given i n  t h i s  coordinate system. 

The posit ion of the missile’s 

The second a x i s  system, denoted by X, Y, and Z, is  fixed with 
respect  t o  the missile and i s  a l so  a right-hand coordinate system. 
X-axis i s  coincident with the missile center l i n e  and i s  posit ive i n  a 
forward direction. 
the r o l l  sense; however, the hunch p s i t h a  of t h e  Y-~xis i s  iisually 
taken t o  be horizontal. 

The 

The posit ions of the Y- and Z-axes are a r b i t r a r y  i n  
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The Eulerian angles JI, 8, and 9 are used t o  define the  m i s s i l e ' s  
a t t i t ude  with respect t o  the  earth-fixed axes. Figure 1 shows the  Euler 
angles, where the  order of ro ta t ion  of the  missile axes i s  yaw,  p i tch,  
and r o l l  or JI, 0 ,  and 9, respectively.  Also shown i n  t h i s  f igure  a r e  
the  angular rates 4, 6 ,  and p. 

The l i nea r  ve loc i ty  of the  missile V can be broken up in to  com- 
ponents u, v, and w along the  missile X-, Y-, and Z-axis, respectively,  
as shown i n  f igure  2. Similarly, the  missile's angular ve loc i ty  R can 
be divided in to  components p, q, and r about the  X-, Y-, and Z-axis, 
respectively. 
t he  s ix  degrees of freedom of the  missile.  

These l i n e a r  and ro t a t iona l  ve loc i ty  components comprise 

Equations can be wr i t ten  f o r  the  angular ve loc i t i e s  $, $, and 6 
i n  terms of JI, #, and 0 and r, p, and q as follows: 

q s in  # + r cos 9 $ =  
cos e 

6 = q cos 8 - r s i n  9 (3)  

These equations a r e  based on equations derived i n  reference 3. 
following equations f o r  $, #, and 8 a r e  obtained by integrat ing 
equations (1) , ( 2 ) ,  and ( 3 ) ,  respectively,  

The 

JI = + d t  + JIo (4) 

e = k 6 d t + e o  
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The components of the missile velocity i n  the earth-fixed coordinate 
system a r e  kE, ?E, and &E. These velocity components can be expressed 
i n  terms of u, v, and w and 9, 8, and Jr as follows (see re f .  3 ) :  

=  COS 8 cos Jrj +  COS Jr s in  $ sin 6 - s l r ,  >$ cos 9) 
(7)  + w(cos ~r cos # s i n  e + sin ~r s i n  9) 

- - ulLuD 8 si= $1 + v(ein s i n  9 s i n  e + cos cos 9) 
+ w(sin JI cos 9 s i n  e - cos JI s i n  #)  ( 8 )  

5, = -u(s in  e )  + v(s in  9 cos e )  +  COS e cos #) ( 9 )  

The equations f o r  xE, yE, and zE are  

n 

Note that a l t i t u d e  h i s  equivalent t o  -zE. 

I n  the  foregoing paragraphs, only the missile v e l o c i t i e s  r e l a t i v e  
t o  the ground o r  i n e r t i a l  ve loc i t ies  have been mentioned. If wind i s  
being considered, t he  missile veloci t ies  r e l a t i v e  t o  the wind must be 
computed since these ve loc i t ies  are needed i n  computing the aerodynamic 
forces and moments. 

A diagram of the  wind resolution i n  the plane of the ear th  i s  shown 
i n  f igure  3.  
veloc i ty  
t i o n  i s  indicated by 
Hence, t he  horizontal  wind veloci ty  c o ~ p m e n t  i s  coq1ete ly  defined,, i f  

Tne horizontal  wind velocity component i s  expressed as a 
vw,h and the  direct ion from which it i s  blowing; t h i s  direc- 

8, which i s  measured r e l a t i v e  t o  t r u e  north. 
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and 8, a re  given as var ia t ions with a l t i t ude .  The v e r t i c a l  com- 'w, h 
ponent of  wind i s  cal led 
al t i tude.  It should be pointed out that Vw,m i s  very r a re ly  measured 
but i s  included i n  the equations of t h i s  analysis  t o  make it possible 
t o  s tudy the e f f ec t s  of v e r t i c a l  gusts. The V W J m  vector would appear 
as a point a t  the or ig in  i n  figure 3 and would be directed in to  the page 
i f  V,,ZE were a posi t ive value. The earth-fixed axes XE and YE are 
shown in f igure 3 i n  an a rb i t r a ry  direct ion from north. The angle A 
denotes the direct ion of the XE-axis r e h t i v e  t o  t rue  north. 
seen i n  f igure 3 that 

V W , z ~  and i s  a l so  given as a var ia t ion with 

It can be 
L 
1 
c 

(13) 5 Jrw = A - 0, 
2 

and that  the  horizontal  wind components along the earth-fixed axes are 

(14) - - -vw,h cos $w 
vW, XE 

By using the transformation matrix of reference 3,  the  ve loc i ty  
components of the missile r e l a t ive  t o  the wind can be wri t ten as 

ut = u - V ~ , ~ ( C O S  e cos ~ r )  - v,,YE(cos e s i n  ~ r )  + vW,,(sin e )  

V I  = v - V , , ~ ( C O S  JI s i n  e s i n  pl - s i n  ~r cos #)  

- Vw,yE(cos Jr cos # + s i n  Jr s i n  8 s i n  $) - Vw,m(cos 8 s i n  8) (17) 

w 1  = w - V ~ , ~ ( C O S  ~r s i n  e cos QI + s i n  JI s i n  pl) 

-  sin Jr s i n  e cos $ - cos @ s i n  pl) - V , , ~ ( C O S  e cos pl) 

It follows t h a t  the t o t a l  missile ve loc i ty  r e l a t i v e  t o  the wind i s  

(18) 

V' = J u ' )  2 + ( V I )  2 + (W')* 

Speed of sound Vs and free-stream s t a t i c  pressure p, vary with 
a l t i t ude .  Hence, i f  any a l t i t u d e  and the t o t a l  missile ve loc i ty  a t  that 
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a l t i t u d e  a r e  given, the Mach number and dynamic pressure can be computed 
from the following equations: 

There are several  angles which are used t o  compute the  aerodynamic 
forces  and moments on the  missile. These aerodynamic angles, as they 
are called,  are shown i n  f igure 4. Tne m i s s i l e  X-, Y-, ar,d Z-axes 8re 
shown with ve loc i ty  components re la t ive  t o  the  wind u t ,  v ' ,  and w ' .  
The t o t a l  m i s s i l e  ve loc i ty  V'  i s  also shown i n  t h i s  f igure.  

The angles can be expressed i n  terms of the ve loc i ty  components as 
follows : 

(23) -1 w' a = t a n  - 
U t  

( 2 5 )  
W '  -1 V '  $4'  = cos-l = s i n  

/- 
Only the  angles 7 and $4' are  used i n  the  equations of motion 

t o  compute the  aerodynamic forces and moments but t he  equations f o r  
and p are given herein since they are conventional and a re  used i n  
analyzing the  computed resu l t s .  

a 

Missile Equations of Motion 

There are s i x  equations of motion which represent t he  summations 
of forces  and moments along and about the missile X-, Y-, and Z-axes. 
It i s  cnnvenlent t o  introduce the following t ab le  i n  which some of the 
notat ions that apply t o  each axis  are l i s t ed :  
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Linear Angular Summation 
his veloc i ty  ve loc i ty  of forces  

along about along 
ax i s  a x i s  a x i s  

Summation 
of moments 

about 
a x i s  

Moment 
of 

i n e r t i a  

Y V 9 

Z W r 

c Fy 

c FZ 

c My 
1% 

Posi t ive 
d i rec t ion  

Forward 

Right 

Down 

The s i x  equations of motion a r e  derived i n  reference 4 and a r e  
as follows: 

Fx = m(h - v r  + wq) c 
1 F~ = m ( t  - wp + u r )  

FZ = m ( c  -uq + vp) c 

The right-hand s ides  of these equations were derived under the 
assumptions mentioned e a r l i e r  i n  t h i s  report  and a r e  complete i n  t h i s  
sense. It should be noted that the jet-damping terms are included i n  
the forcing s ides  of the equations and are now discussed. 
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The left-hand o r  forcing side of the  equations of motion includes 
b (1) auxi l ia ry  forces and moments, (2)  thrust ,  (3) weight, (4)  aerodynamic 

forces and moments, and ( 5 )  jet-damping terms. 
follows: 

These expressions are as 

(1) ( 2 )  (3) (4)  

FX = FX(t) + Ta - mg s i n  8 - {CA,~ + ACGq'A 

To assist i n  explaining equations ( 3 2 )  t o  ( 3 7 ) ,  the  terms are broken 
up i n t o  f i v e  categories which are indicated. 
are explained i n  the following paragraphs. 

The terms i n  each category 
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Auxiliary forces and moments.- The terms labeled (1) are the auxil-  
iary forces and moments which are t i m e  variables.  These terms may be 
used t o  simulate the  e f f ec t s  of separation devices, such as retro-rockets,  
springs, and others,  or moments imparted by spin rockets, pulse jets, or 
any other ex terna l  forces  and moments which warrant consideration. 

Forces and moments due t o  rocket-motor t h r p t . -  The terms labeled 
The t h r u s t  (2)  are the forces  and moments due t o  rocket-motor th rus t .  

i s  computed by using the  following subsidiary equation which was derived 
from a thrust  equation given i n  reference 5:  

4 

where T(t) 
a l t i t ude  or pressure condition ( T ( t )  
a l t i t ude ) .  
a l t i t ude  conditions where 

on which T ( t )  i s  based. The ambient pressure a t  f l i g h t  a l t i t u d e  i s  
p, and Ae i s  the  nozzle e x i t  area.  It should be pointed out that 
t h i s  equation i s  only an approximation t o  the  rigorous one which includes 
several  other rocket-motor terms. 

i s  the  basic  t i m e  var ia t ion  of t h r u s t  f o r  a pa r t i cu la r  

The second term i n  equation (p), corrects  the  t h r u s t  for 
i s  measured a t  or derived for one 

poo,T i s  the ambient pressure f o r  the  a l t i t u d e  

The th rus t  i s  mult ipl ied by a, b, or c i n  the force equations (32) 
t o  (34) to  give the t h r u s t  component along the  X-, Y-, and Z-axis, 
respectively. These values are the  d i rec t ion  cosines between the t h r u s t  
vector and the  body axes. 

* 

b 

I n  the moment equations (35) t o  (37), T i s  multiplied by d, e, 
f ,  which are the t h r u s t  vector moment a r m s  f o r  computing the th rus t  o r  

moment about the  X-, Y-, and Z-axis, respectively.  

By select ing the  proper values f o r  a, b, c, d, e, and f ,  it 
i s  possible t o  simulate any conceivable th rus t  misalinement. These 
f ac to r s  are t i m e  var iables  so that the  e f f e c t  of center-of-gravity t r a v e l  
and resu l t ing  geometry changes can be taken in to  account. 

The weight vector components along the  body axes are 
the force equations. The weight mg i s  a t i m e  var iable  

and it i s  multiplied by the proper Ehlerian functions t o  obtain the  
components along the body axes. 
t i o n  may be found i n  reference 3. 

Derivation of t he  grav i ty  vector resolu- 

Aerodynamic forces  and moments.- The aerodynamic forces  and moments 
are labeled (4) i n  the eqyations. 
X-axis i n  equation (32) consis ts  of two parts CA,o and ACA which are 
the axial-force coef f ic ien t  a t  zero flow incidence angle and the  change 
i n  axial-force coef f ic ien t  due t o  flow incidence angle. The coeff ic ient  

The aerodynamic force along the 
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i s  a function of Mach number only, whereas 

7. 
ACA i s  a function of 'A, 0 

both Mach number and flow incidence angle 
by the dynamic pressure q '  and reference area A t o  give pounds of 
force. 

These values a r e  multiplied 

The aerodynamic forces  along the Y- and Z-axes a r e  produced by 

C N ~  

CN 
which are the normal-force coef f ic ien ts  due t o  the flow inc i -  and 

dence angle and t o  f i n  def lect ion.  The coef f ic ien t  CN i s  assumed t o  
be invariant  with the roll a t t i t u d e  of the missi le  and t o  be confined 
always t o  the plane made by the X-axis and the t o t a l  ve loc i ty  vector 
Tne components of this force along the Y- ai;d Z-axzs a r e  Gbtained h - r  "Y 

multiplying CN by s i n  #' and COS $', respectively.  The angle 9' 
defines the  posi t ion of the t o t a l  veloci ty  vector i n  a r o l l  sense as 
shown i n  f igure  4. The coef f ic ien t  C i s  assumed t o  be the same i n  

p i t ch  as i n  yaw; however, the  ne t  e f fec t  i n  p i tch  and y a w  can be d i f f e ren t  
by varying the value of p i t ch  f i n  deflection 6q o r  y a w  f i n  deflec- 
t i o n  6,. The coef f ic ien ts  a r e  functions of Mach number and 7 and 
the f i n  def lect ions a re  time variables. 

V'. 

N 6  

The values C and C16 i n  equation ( 3 5 )  a r e  the aerodynamic 

ckmping i n  roll and rolling-moment coef f ic ien t  due t o  f i n  deflection. 
i s  multi- Each i s  a function of Mach number and 

p l i ed  by ($)q'AD and Cz6 i s  multiplied by $q'AD t o  give the 

r o l l i n g  moment i n  foot-pounds. 

2P 

QP q. The value 

I n  equations (36) and (37) the aerodynamic pi tching and yawing 
moments a r e  obtained by multiplying the normal force by a moment arm. 
"he moment arm f o r  the  CN component i s  xcg - xcp and the  moment arm 
f o r  C i s  xcg - xcp, ta i l .  The distance xcg i s  a time var iable  
and xcp and xcp,tail a r e  functions of Mach number and v. The 
aerodynamic damping terms a re  Cmi and % (Cnr = C, 
symmetry) which a r e  a l s o  functions o f  Mach number and 7.  Note that 
CN and h. l i e  i n  the  plane of V '  and the X-axis and a re  multi- 

p l i ed  by cos 9' and s i n  $' t o  give the moment component about the 
Y-axis and Z-axis, respectively.  A s  w a s  done previously, the coef f ic ien ts  
a r e  multiplied by the proper dimensional quant i t ies  t o  give foot-pounds 
of moment. 

NE 

because of 
9 

'I 
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of My and Mz a re  equal because of symmetry. Each damping term i s  

considered t o  be a time variable. In appendix B a derivation f o r  the 
j e t  damping in  p i tch  and yaw i s  presented; t h i s  appendix w a s  prepared by 
Norman L. Crabi l l  of the Langley Research Center. 
driving moment (depending on sign) i s  t rea ted  i n  reference 6. 

r 9 

The roll damping or 

DISCUSSION 

Significance of Limitations Imposed on 

Trajectory-Simulation Equations 

The l imitat ions imposed on the equations were l i s t e d  i n  a previous 
section of t h i s  report  and a re  repeated f o r  reference as follows: 

1. Rigid body 

2. Vehicle has mass symmetry about p i t ch  plane 

3. Aerodynamic symmetry i n  r o l l  

4. F l a t  nonrotating ear th  with constant acceleration of gravi ty  

The f i r s t  l imitat ion great ly  s implif ies  the equations of motion by 
eliminating the aeroe las t ic  functions. Usually, the aeroe las t ic  problem 
i s  investigated by using analyses which do not determine the t ra jectory.  
The t ra jectory data a re  given a s  inputs i n  these analyses and a re  
usually obtained with the rigid-body equations of motion. 

The assumption of a plane of mass symmetry through the body does not 
r e s t r i c t  the solution s igni f icant ly  but it does simplify the equations as 
shown i n  reference 4. Most missi les  have roll symmetry and a r e  designed 
t o  have no product of iner t ia ;  however, manufacturing tolerances create  
mass unbalance, the e f f ec t  of which must be determined. This l imitat ion 
r e s t r i c t s  the pr incipal  axis t o  one plane; however, the location of t h i s  
plane through the body can be changed by reorient ing the body axes i n  a 
r o l l  sense. 

The l imitat ion of aerodynamic symmetry i s  j u s t i f i e d  because of the 
large percentage of vehicles that f a l l  in to  t h i s  category. The number 
of aerodynamic force and moment terms i s  reduced by more than  one-half 
by t h i s  limitation. Additional aerodynamic terms could be included i n  
the forcing side of the equations of motion t o  remove t h i s  r e s t r i c t i o n  
i f  it were desired. 



A f l a t  nonrotating ea r th  with constant accelerat ion of grav i ty  i s  
usual ly  suf f ic ien t  f o r  study of rocket performance i n  the atmosphere 
where the  a l t i t u d e  and range values are small. Again, the compromise 
was between s implici ty  and completeness. 
eqizt ions e i t h e r  of these l i m i t a t i o n s  could be removed. 

By using the  proper subsidiary 

U s e  of Trajectory Simulation i n  Studying 

Performance and S tab i l i t y  of Missiles 

It was pointed out i n  tine Ilitroductioii tbt the traiectory program 
described has been used t o  develop the wind-compensation procedures of 
references 1 and 2. 
t o  use i n  making launch-angle set t ings (azimuth and elevat ion)  t o  com- 
pensate f o r  the  wind ex is t ing  a t  Launch. 
making several  t r a j ec to ry  computations with various wind conditions and 
launch angles. 

The wind analyses were made t o  determine procedure 

The analyses consisted of 

Application of one of these wind-compensation methods t o  a d i f f e ren t  
missile would require several  t ra jec tory  coaputations fo r  that missile.  
The conditions t o  be considered and method of analyzing the t r a j ec to ry  
r e s u l t s  are described i n  references 1 and 2. 

There are many other  types of problems t h a t  can be studied by using 
t h i s  t r a j ec to ry  simulation. 
performance by varying such things as launch elevat ion angle, staging 
sequence, th rus t ,  weight, and the  aerodynamic configuration. Also, the  
design of a spin program that best satisfies the  performance, s t a b i l i t y ,  
and range safe ty  requirements can be accomplished. 
aerodynamic and t h r u s t  misalinements and the  uncorrected wind i n  pre- 
d i c t ing  the  probable impact area i s  another application. 

One of these i s  the  obtainment of optimum 

Consideration of 

The t r a j ec to ry  analysis  can also be used i n  determining the  spin 
requirements f o r  second-stage vehicles operating both i n  a vacuum and 
i n  the  region of low a i r  density. 
aerodynamic forces  and moments that t he  equations provide but does 
require the  thrust-misalinement, external-force, and mass-unblance 
terms. 
precession and nutation (wobble) amplitudes within desired l i m i t s  f o r  
varying values of t i po f f  ( i n i t i a l  conditions) and t h r u s t  misalinement. 
The performance degradation due t o  these e f f e c t s  may be another con- 
s idera t ion  i f  t h i s  stage is used f o r  o r b i t  inject ion.  

The vacuum case does not require the  

It i s  possible t o  determine the spin rate necessary t o  keep the  

In the  second case, where the stage i s  burning i n  the prgsence of 
a i r  and there  i s  dynamic pressure, the problem may be aggravated because 
of the vehicle aerodynamic character is t ics .  F m  ic6+&nce, t h e  bndy m y  
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be inherently unstable i n  a s t a t i c  sense so that spinning a l s o  i s  required 
t o  s tab i l ize  it. This problem requires  the aerodynamic forces  and moments 
i n  addition t o  the  other  capab i l i t i e s  which the t r a j ec to ry  ana lys i s  
provides. 

C0NCLUD;TNG REMARKS 

Equations have been presented f o r  a three-dimensional t r a j ec to ry  
simulation. A r i g i d  airframe with aerodynamic symmetry i n  roll was 
t r ea t ed  and the  p i tch  plane was assumed t o  be a plane of mass symmetry. 
The s ix  degrees of freedom of the missile were considered and the m i s -  
s i l e  posit ion w a s  defined r e l a t ive  t o  a f la t  nonrotating ea r th  with 
constant acceleration of gravity. The equations include the  e f f e c t  of 
a rb i t r a ry  wind ve loc i ty  and azimuth and the aerodynamic coef f ic ien ts  
are nonlinear with respect t o  flow incidence angle and Mach number. 

A derivation of the j e t  damping i n  p i tch  and y a w  f o r  r a d i a l  burning 
solid-propellant rocket motors i s  presented i n  an appendix. 

The t ra jec tory  ana lys i s  i s  pa r t i cu la r ly  adaptable t o  the  solut ion 
of missile launch problems where consideration of winds and t h r u s t  
misalinement makes it necessary t o  use the  six-degrees-of-freedom equa- 
t ions.  It is also adaptable t o  s t a b i l i t y  ana lys i s  where the  vehicle i s  
spinning. The l imi ta t ions  imposed on the  equations g rea t ly  simplify 
them and the resu l t ing  machine computations; yet ,  a large portion of 
problems can be solved where these l imi ta t ions  do not a f f e c t  t he  r e s u l t s  
s ignif icant ly .  

Langley Research Center, 
National Aeronautics and Space Administration, 

k n g l e y  Field,  Va. ,  October 4, 1960. 

r 



APPENDIX A 

SYMBOLS 

In the present p p e r ,  distances are measured in the U.S. foot. 
(one U. S. foot = 0.3048006 meter. ) 

A cross-sectional area of body, sq ft 

rocket-motor exit area, sq ft Ae 

An cross-sectional area of nozzle, sq ft 

a,b,c direction cosine used in computing thrust component along 
missile X-, Y-, and Z-axis, respectively, dimensionless 

cA, 0 axial-force coefficient at zero flow incidence angle, 

increment of axial-force coefficient due to flow incidence 

dimensionless 

angle, dimensionless 
ACA 

c2 rolling-moment coefficient, dimensionless 

rate of change of rolling-moment 
ac 2 

c2P 

llradian velocity, 

c, 

Cmq 

rate of change of rolling-moment 

tion, - ac2, l/radian 
as 

coefficient with rolling 

coefficient with fin defle 

pitching-moment coefficient, dimensionless 

rate of change of pitching-moment coefficient with pitching 

rate of change of pitching-moment coefficient with rate of 

, l/radian acm change of' flow incidence angle, 
a( *) 2v ' 
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CN normal- force coeff ic ient ,  dimensionless 

rate of change of normal-force coeff ic ient  with f i n  deflec- cN€i 

t ion,  - i:, l/radian 

Cn yawing-moment coefficient,  dimensionless 

rate of change of yawing-moment coeff ic ient  with yawing ‘nr ac 
velo c it y , 

D body diameter, f t  

d,e,f moment arm f o r  t h rus t  moment about missile X-, Y-, and 
Z-axis, respectively, f t  

FX,Fy,FZ force along X-, Y-, and Z-axis, respectively, l b  

FX(t) ,Fy(t) ,FZ(t)  force along X-, Y-, and Z-axis, respectively, as 
a function of time 

g 

h a l t i tude  above f l a t  earth,  f t  

acceleration due t o  force of gravity, f t / sec2  

Ix,Iy,Iz mass moment of i n e r t i a  about X-, Y-, and Z-axis, respectively, 
2 slug- f t 

IXYJ Ixz, IYZ products of i ne r t i a ,  slug-ft2 

grain length, s2 - sl, f t  l g  

nozzle length, f t  In 

distance between grain center of gravi ty  and nozzle e x i t  I1 
plane, - 53 + In, f t  

2 

I2 term i n  equation ( ~ 1 3 1 ,  
12 ’  

8 

4 



2R 

M Mach number, dimensionless 

ro l l i ng  moment, f t - l b  Mx 

yr( t ) , My(t 1 , MZ( t 1 ro l l i ng  moment, pitching moment, and yawing moment, 
respectiveky, as a f m c t i o n  of +imp 

MX, rate of change of ro l l ing  moment with r o l l i n g  veloci ty ,  

%X f t - l b  
ap ’ radians/sec 

MY pitching moment, f t - l b  

rate of change of pitching moment with pi tching veloci ty ,  

f t - l b  
aq ’ radians/sec 

yawing moment, f t - l b  Mz 
rate of change of yawing moment with yawing veloci ty ,  MZr 

ar ’ radians/sec 

m Inass, slugs 

P r o l l i n g  velocity,  radians/sec 

free-stream s t a t i c  pressure, lb/sq f t  pm 

free-stream s t a t i c  pressure on which T ( t )  i s  based, 
lb/sq f t  P,,, T 

9 pitching velocity,  radians/sec 

9’ dynamic pressure, lb/sq f t  

r yawing veloci ty ,  radians/sec 

S distance a f t  of vehicle center of gravity,  f t  

distance from vehicle center of grav i ty  t o  beginning of 
grain, f t  

s1 

distance from vehicle center of grav i ty  t o  end of grain,  f t  s2 
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s3 

- 
S 

distance from vehicle center of grav i ty  t o  nozzle e x i t  
plane, f t  

distance from vehicle center of grav i ty  t o  grain center of 
s + s  

2 gravity,  2, f t  

T th rus t ,  l b  

L 
1 

T ( t )  

t time, sec 2 
5 
2 

th rus t  as a function of time 

u,v,w component of missile l i n e a r  ve loc i ty  r e l a t i v e  t o  ear th  along 
X-, Y-, and Z-axis, respectively,  f t / s e c  

u ' ,v ' ,w'  component of missile l i n e a r  ve loc i ty  r e l a t ive  t o  wind along 
X-, Y-, and Z-axis, respectively,  f t / s ec  

V missile l i n e a r  ve loc i ty  r e l a t ive  t o  ear th ,  f t / s ec  

internal-flow ve loc i ty  through nozzle, f t / s e c  vi 

VS ve loc i ty  of sound, f t / s ec  

horizontal  wind ve loc i ty  component r e l a t i v e  t o  ear th ,  f t / s e c  'w, h 

Vw,xE,Vw,yE, v w,a wind ve loc i ty  component along XE-, YE-, and %-axis, 
re spec t ive ly  

V'  t o t a l  missile l i n e a r  ve loc i ty  r e l a t i v e  t o  wind, f t / s e c  

W mass flow through nozzle, slugs/sec 

x, y, z body axes of missile, dimensionless 

XE, YE, % earth-f ixed axes, dimensionless 

XE,YE,ZE component of distance between missile center  of grav i ty  and 
earth-fixed ax i s  along XE-, YE-, and ZE-axis, respectively,  
f t  

center-of-gravity distance from nose, f t  xcg 

center-of-pressure distance from nose with zero f i n  deflec- 
t ion ,  f t  CP X 

t 

4 



cp, t a i l  X 

A 

$ 

$W 

R 

Subscript : 

0 

t a i l  center-of-pressure distance from nose with f i n s  
deflected,  f t  

angle of a t tack,  radians 

angle of s ides l ip ,  radians 

f i n  deflection, radians 

r o l l  f i n  deflection, radians 

p i tch  f i n  deflection, radians 

y a w  f i n  deflection, radians 

flow incidence angle, radians 

p i tch  angle of missl le  r e l a t ive  t o  earth-fixed axes, radians 

azimuth from which horizontal  wind component i s  blowing, deg 

azimuth of XE-axis re la t ive  t o  t rue  north, deg 

mass densi ty  or' fiow t'nrough nozzle, al.l;gs/cu ft 

r o l l  angle of missile r e l a t ive  t o  earth-fixed axes, radians 

r o l l  angle of missile r e l a t ive  t o  plane defined by V' and 
X-axis, radians 

yaw angle of missi le  re la t ive  t o  earth-fixed axes, radians 

angle between horizontal  wind component and %-axis, deg 

t o t a l  angular ve loc i ty  of missile,  radians/sec 

i n i t i a l  value 

Dots over symbols denote d i f fe ren t ia t ion  with respect  t o  time. 
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APPENDIX B 

DAMPING I N  PITCH AND YAW FOR RADIAL BURNING 
U 

t SOLID-PROPELLANT ROCKETS 

By Norman L. Crabi l l  

The geometry of the model and the symbols used i n  t h i s  analysis 
a r e  shown i n  sketch 1. 

rC.g. of vehicle ,-c.g. of grain 

This analysis i s  patterned a f t e r  the analysis  of M. V. Barton f o r  
liquid-propellant rockets. (See ref .  7. ) 

I& the missile ro t a t e  about i t s  instantaneous center of gravi ty  
with angular veloci ty  of q, radians per second. Also, l e t  the internal-  
flow velocity of a pa r t i c l e  dm be denoted by V i ,  r e l a t ive  t o  the 
instantaneous center of gravi ty  of the en t i r e  vehicle. Then, the Coriolis 
acceleration of the pa r t i c l e  i s  downward, and the element of 
Coriolis force i s  2Viq dm i n  an upward sense. The element of pitching 
moment about the  vehicle center of gravi ty  i s  

2Viq 



dMy = -2viqs dm 

? 

b 

The t o t a l  moment i s  

since 

PA,, ds = dm 

In  a radial  burning solid-propellant rocket, the mass flow PAnVi 
i s  a l i n e a r  function of length from one end of the rocket grain t o  the 
other  and i s  constant i n  the nozzle. (See sketch 1.) For s1 < s < s2, 

3’ and f o r  s2 < s < s 

PA& = w (E) 

Subst i tut ing equations (&) and (B5) in to  equation (E) r e s u l t s  i n  

and carrying out  the  indicated integrat ion gives 

- 
3; Equation (B7) can be simplified by rewriting i n  terms of s, Zg, and s 

noting that 5 = and Zg = s2 - sl. The r e s u l t  i s  
s + s  

2 
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which compares with Barton's r e s u l t s  (ref. 7) f o r  l iquid-propellant 
rockets 

Another in te res t ing  form of equation (B8) can be obtained by - rewrit ing i n  terms of s, Zg, and 2,. This r e s u l t  is, with 

2, = 53 - s2, 

Let 

+ 2n 2 1  = - 
2 

and 

2 2 =  (2 - + 2 ,  j2 - -  I g 2  
12 

Substi tuting equations (B11) and (B12) in to  equat,ion (B10) gives 

2 
Note here that Z2 x Z1 since - i s  small. 

2 
12 

Equation ( B l 3 )  indicates  t h a t  rocket p i tch  damping i s  a l i n e a r  
function of the  distance of t he  grain center of grav i ty  from the  vehicle 
center of gravi ty  and that f o r  

4 



the damping is zero. In some instances, rocket motors may be located 
sufficiently far ahead of the vehicle center of gravity to contribute 
an unstable damping moment - that is, MY - > 0 or is a positive value. 

wq 

!i%e foregoing derivation zpplies a lso  for the Jet damping in yaw, 
The yaw equations can be developed since vehicle symnetry is assumed. 

by replacing My by Mz and q by r. 
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Figure 3. -  Diagram of wind resolution i n  horizontal  plane. 
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